Abstract. We give a necessary and su‰cient condition, in terms of a certain reflection principle, for every unconditionally closed subset of a group G to be algebraic. As a corollary, we prove that this is always the case when G is a direct product of an Abelian group with a direct product (sometimes also called a direct sum) of a family of countable groups. This is the widest class of groups known to date where the answer to the 63-year-old problem of Markov turns out to be positive. We also prove that whether every unconditionally closed subset of G is algebraic or not is completely determined by countable subgroups of G. Essential connections with nontopologizable groups are highlighted.
Introduction
According to Markov [8] , a subset S of a group G is called:
(a) elementary algebraic if there exist an integer n > 0, a 1 ; . . . ; a n A G and e 1 ; . . . ; e n A fÀ1; 1g such that S ¼ fx A G : x e 1 a 1 x e 2 a 2 . . . a nÀ1 x e n ¼ a n g, (b) algebraic if S is an intersection of finite unions of elementary algebraic subsets of G, (c) unconditionally closed if S is closed in every Hausdor¤ group topology of G.
Since the family of all finite unions of elementary algebraic subsets of G is closed under finite unions and contains all finite sets, it is a base of closed sets of some T 1 topology Z G on G, called the Zariski topology of G. (This topology is also known under the name verbal topology; see [1] .) The family of all unconditionally closed subsets of G coincides with the family of closed subsets of a T 1 topology M G on G, namely the infimum (taken in the lattice of all topologies on G) of all Hausdor¤ group topologies on G. We call M G the Markov topology of G. Note that ðG; Z G Þ and ðG; M G Þ are quasi-topological groups, i.e., the inversion and shifts are continuous. Proof. An elementary algebraic subset of G must be closed in every Hausdor¤ group topology on G. r In 1944, Markov [8] asked if the equality Z G ¼ M G holds for every group G. He himself obtained a positive answer in the case when G is countable:
Fact 2 (Markov's theorem [8] ). Z G ¼ M G for every countable group G.
In the same manuscript [8] Markov attributes to Perel'man the fact that Z G ¼ M G for every Abelian group G. To the best of our knowledge the proof of this fact never appeared in print until [2] . (We o¤er an alternative self-contained proof of this result in Corollary 5.4.) An example of a group G with Z G 0 M G has been found by Hesse [6] .
Zariski and Markov embeddings
If H is a subgroup of a group G, then Z G 0 H ¼ fU V H : U A Z G g denotes the subspace topology on H generated by Z G , and M G 0 H ¼ fU V H : U A M G g denotes the subspace topology on H generated by M G . Note that one always has Z H J Z G 0 H and M H J M G 0 H . This motivates the following definition: Definition 2.1. We say that a subgroup H of a group G is: (i) Zariski embedded in G if Z H ¼ Z G 0 H , i.e., the subspace topology induced on H by the Zariski topology of G coincides with the Zariski topology of H,
(ii) Markov embedded in G if M H ¼ M G 0 H , i.e., the Markov topology of H coincides with the subspace topology induced on H by the Markov topology of G.
We shall see in the sequel that every subgroup H of an Abelian group G is both Zariski embedded and Markov embedded in G. For every infinite Abelian group H there exists a (necessarily non-Abelian) group G containing H as a subgroup such that H is neither Markov nor Zariski embedded in G (by Corollary 6.15 ). An example of a normal subgroup H of a (necessarily non-Abelian) group G that is neither Zariski embedded nor Markov embedded in G can be found in Remark 7.3.
Distinguishing Zariski and Markov embeddings is surprisingly di‰cult. (An example distinguishing these classes of embeddings can be found in Corollary 6.17.) Indeed, our next lemma indicates that the di¤erence is closely related to Markov's problem.
Lemma 2.2. Let H be a subgroup of a group G. The next theorem characterizing Hausdor¤ embedded normal subgroups is taken from [3] . We give its proof here for the reader's convenience. Proof. The necessity is obvious since the conjugation maps are continuous in any topological group. Assume now that all automorphisms of N induced by conjugation by elements of G are T-continuous for any Hausdor¤ group topology T on N. Fix a Hausdor¤ group topology T on N. Take the filter of all neighbourhoods of 1 in ðN; TÞ as a base of neighbourhoods of 1 in a group topology s of G. This works since the only axiom to check just requires us to find, for every x A G and every sneighbourhood U of 1, a s-neighbourhood V of 1 such that V x :¼ x À1 Vx J U. Since we can choose U, V contained in N, this immediately follows from our assumption of T-continuity of the restrictions to N of the conjugations in G. r Corollary 3.5. Every normal cyclic subgroup is Hausdor¤ embedded.
Proof. Assume that H is a normal cyclic subgroup of a group G. Then every automorphism of H is continuous in any group topology of H. Therefore, Theorem 3.4 applies. r Corollary 3.6. If a subgroup H of a group G is super-normal in G, then H is Hausdor¤ embedded in G.
Proof. As H is super-normal, each conjugation by an element of G coincides with conjugation by some element of H, and so each such conjugation is continuous in any group topology on H. Now Theorem 3.4 applies. r
The implication in the above corollary is not reversible: a normal Hausdor¤ embedded subgroup H of a group G need not be super-normal in G; see [3] .
The following lemma is obvious.
Lemma 3.7. Let H be a subgroup of a group G. If H is Hausdor¤ embedded in G, then H is also Markov embedded in G.
In [3] , a normal subgroup of a countable group G is constructed such that H is Zariski embedded in G but not Hausdor¤ embedded in G. By Corollary 2.4 (b), H is also Markov embedded in G. This shows that the implication of Lemma 3.7 is not reversible, even for a normal subgroup H.
Remark 3.8. If h : G ! G 1 is a group isomorphism and the subgroup H of G is Hausdor¤ embedded (resp., Markov embedded, Zariski embedded) in G, then the subgroup f ðHÞ of G 1 is Hausdor¤ embedded (resp., Markov embedded, Zariski embedded) in G 1 .
Our next result uncovers a curious fact: if a countable subgroup H of a group G fails to be Hausdor¤ embedded, then this failure can always be witnessed by some metric group topology on H. Theorem 3.9. Let H be a countable subgroup of a group G. If every metric group topology on H can be extended to a (not necessarily metric) group topology on G, then H is Hausdor¤ embedded in G.
Proof. Let T be a Hausdor¤ group topology on H. Then T has a countable network, and the main result of [11] implies that T is the supremum of some family fT i : i A I g of Hausdor¤ group topologies on H with a countable base. Then each T i is metric, and so by the assumption of our lemma, there exists a Hausdor¤ group topology T Ã i on G extending T i . Now the supremum of the family fT Ã i : i A I g is a Hausdor¤ group topology on G that obviously induces T on H. Hence, H is Hausdor¤ embedded. r Let M ðZ; HÞ denote the class of group embeddings H ,! G such that H is Markov (resp., Zariski, Hausdor¤ ) embedded in G. 
Proof. Indeed, as a direct summand of G, G 1 is super-normal in G. By Corollary 3.6 and Lemma 3.7, G 1 is Markov embedded in G, and so Lemma 3.10 (a) allows us to conclude that G 1 V H is Markov embedded in G. Applying now Lemma 3.10 (b) we conclude that G 1 V H is Markov embedded in H. r By Lemma 3.10, the classes M and H (of Markov embeddings and Hausdor¤ embeddings) are closed under composition and left cancellation. Now we are going to show that these classes are not closed under pullback. More precisely, we shall see that if G 1 ,! G is a Hausdor¤ embedding and H is a subgroup of G, then the induced embedding G 1 V H ,! H need not be even a Markov embedding. We take G of the special form G ¼ G 1 Â G 2 , so that G 1 ,! G, being the inclusion of a direct summand, is certainly a Hausdor¤ embedding, and hence a Markov embedding (by Lemma 3.7). Then for an appropriate subgroup
H is not even a Markov embedding. By Lemma 3.11, this will show that also G 1 V H ,! G 1 fails to be a Markov embedding.
Lemma 3.12. Let N be a countable Abelian group that admits a decomposition N ¼ N 1 Â N 2 into a direct product of two infinite groups N 1 and N 2 . Then there exist a countable group G 0 , a subgroup H of the direct product
, and a metric group topology T Ã on G Ã ¼ H V G 1 having the following properties:
(ii) G Ã is neither Markov nor Zariski embedded in H;
(iii) T Ã cannot be extended to any Hausdor¤ group topology on H.
Proof. By [3, Lemma 3.9] , there exists an involution f such that N is not Zariski embedded in the countable semidirect product
Since N is neither Markov nor Zariski embedded in G 0 and p 1 sends H isomorphically onto G 0 with p 1 ðG Ã Þ ¼ N, it follows from Remark 3.8 that G Ã is neither Markov nor Zariski embedded in H. This proves (ii).
To prove (iii), note that G Ã is not Hausdor¤ embedded in H, by item (ii) and Lemma 3.7. Since G Ã is countable, by Theorem 3.9 there must exist a metric group topology T Ã on G Ã that cannot be extended to any Hausdor¤ group topology on H. r If X is a set, then ½X <o and ½X co denote respectively the set of all finite subsets of X and the set of all (at most) countable subsets of X . As usual, N denotes the set of all non-negative integers. We need some machinery from set theory useful for carrying out closing o¤ arguments.
(iii) C is a club in ½X co (a common abbreviation for 'closed and unbounded') if C is both closed and unbounded in ½X co .
For a group G we define SðGÞ ¼ fH A ½G co : H is a subgroup of Gg. This is a typical example of a club:
As witnessed by (the proof of ) the previous lemma, clubs appear naturally in various closing o¤ arguments, and a general scheme that greatly simplifies carrying out such arguments is given below. Definition 4.3. Given a set X and a function j :
Lemma 4.4. Given a set X and a function j : ½X <o ! ½X <o , the family
Proof. One can easily check that IðjÞ is closed in ½X co . Let us show that IðjÞ is also unbounded in
Finally, note that E ¼ 6fY n : n A Ng is j-invariant and Y J E. r
The following well-known lemma reveals one of the main reasons why clubs are so useful. We briefly outline the proof for the reader's convenience.
is also a club in ½X co .
Proof. Clearly, C is closed in ½X co . Let us show that C is also unbounded in ½X co . Fix arbitrarily Y A ½X co . Since each C n is unbounded in ½X co , there exists a function f n : ½X co ! C n such that Z J f n ðZÞ for all Z A ½X co . Fix an enumeration
Let G be a group. Given n A N, a A G nþ1 and e A fÀ1; 1g nþ1 we define E n ða; e; GÞ ¼ fx A G : x eð0Þ að0Þx eð1Þ að1Þ . . . aðn À 1Þx eðnÞ ¼ aðnÞg and S n ða; eÞ ¼ fað0Þ; að1Þ; . . . ; aðnÞg. Define
and for F A ½F G <o nfqg let SðF Þ ¼ 6fS n ða; eÞ : ðn; a; eÞ A F g. Define SðqÞ ¼ q.
eÞ A F E n ða; e; GÞ. Clearly, the family fU G ðF Þ : F A ½F G <o g forms a base of the Zariski topology Z G on G, and the closure
The main result of this section is the following general reflection principle for the Zariski closure. Theorem 4.6. Let G be a group and A a subset of G. Then the family
and define x F ¼ e otherwise. (Here e denotes the identity element of G.)
Define functions j k : ½G <o ! ½G <o (for every k A N) and c : ½G <o ! ½G <o by
and cðX Þ ¼ 6fSðF z Þ : z A X g for X A ½G <o . According to Lemmas 4.2, 4.4 and 4.5, the family
To start with, note that
First, let us show that Cl
By our choice of F z , (2) holds. Note that SðF z Þ ¼ cðfzgÞ A ½H <o because z A H and
This yields z B Cl Z H ðH V AÞ.
Second, let us prove the inverse inclusion
We are going to show that ðH V AÞ V U H ðF Þ 0 q. From z A H and (3) it follows that z A U G ðF Þ. From F A ½F H <o J ½F G <o and z A Cl Z G A we must also have A V U G ðF Þ 0 q, and thus (1) holds by our choice of
, and thus j k ðSðF ÞÞ A ½H <o . We conclude that x F A H. Combining this with (1) and (3), we get
From Theorem 4.6 and Lemma 4.5, we obtain the following corollary. Corollary 4.9. Assume that G is a group, A a countable family of Z G -closed subsets of G and X a countable subset of G. Then there exists a countable subgroup H of G containing X such that H V A is Z H -closed for each A A A.
Remark 4.10. Theorem 4.6 can also be proved using model-theoretic methods. Indeed, the family C consisting of all intersections M V G, where M is a countable elementary submodel of (a su‰ciently large fragment) of the universe containing ðG; Á; À1 Þ and A, forms a club in ½G co satisfying C J Z A .
Characterization of groups for which Markov and Zariski topologies coincide
It turns out that the version of reflection for M G similar to the one for Z G obtained in Theorem 4.6 characterizes groups G for which the Markov topology and the Zariski topology coincide.
Theorem 5.1. For a group G the following conditions are equivalent:
(ii) for every set A J G, the family
(iii) for every M G -closed set A J G, the family
Proof. (i) ) (ii) Let A be a subset of G. Applying Theorem 4.6, we conclude that the family Z A (as given by Theorem 4.6) contains some club in ½G co . Therefore, it su‰ces to show that Z A J M A . Let H A Z A . From (i) and the definition of Z A , we get
The implication (ii) ) (iii) is trivial. (iii) ) (i) We have to show that every M G -closed set is Z G -closed. Suppose that some M G -closed set A is not Z G -closed. Then there exists g A Cl Z G AnA. Let Z A be the family from the conclusion of Theorem 4.6. By (iii), Theorem 4.6 and Lemma 4.5, E A V Z A contains some club C. Since C is unbounded, there exists H A C with g A H. From H A E A , it follows that H V A is M H -closed. Since H is a countable group, H V A must also be Z H -closed by Fact 2. Since H A Z A , we have Proof. Let H be a subgroup of an Abelian group G. By Corollary 3.3, H is supernormal in G. Hence, by Corollary 3.6 and Lemma 3.7, H is Markov embedded in G. We have proved that SðGÞ J N G . Now the conclusion of our corollary follows from Lemma 4.2 and Corollary 5.3. r Markov [8] attributed (the equivalent form of ) Corollary 5.4 to Perel'man. To the best of our knowledge the proof first appeared in print in [2] . (In the particular case when G has only finitely many elements of each finite order the equality Z G ¼ M G was proved in [17] .) In fact, [2] also o¤ers a much stronger version of this result.
Our next result is a counterpart of Corollary 2.4 (a) for Abelian groups.
Corollary 5.5. Let H be an Abelian subgroup of a group G. If H is Markov embedded in G, then H is also Zariski embedded in G.
Proof. Z H ¼ M H by Corollary 5.4. Now Lemma 2.2 (a) applies. r Let fG i : i A I g be a family of groups. We denote by 0 i A I G i the set of all functions g : I ! 6 i A I G i such that gðiÞ A G i for all i A I and the set fi A I : gðiÞ 0 1 i g is finite. (Here 1 i denotes the identity element of G i .) For g; h A 0 i A I G i define functions gh : I ! 6 i A I G i and g À1 : I ! 6 i A I G i by ghðiÞ ¼ gðiÞhðiÞ and g À1 ðiÞ ¼ ðgðiÞÞ À1 for all i A I . With these two operations 0 i A I G i becomes a group which we will call the direct sum of the family fG i : i A I g. While this notation and terminology is common in commutative group theory, non-commutative group theorists often call 0 i A I G i the direct product of the family fG i : i A I g and use product notation
To avoid confusion with Cartesian products, we prefer the 'commutative looking' notation 0 i A I G i instead of Q i A I G i . However, for a finite family of groups G 1 ; G 2 ; . . . ; G n we will use the product notation
Our next lemma exhibits a particular situation when the assumption of Corollary 5.3 holds: Our next lemma is a formal extension of the last corollary to certain subgroups of direct sums of countable groups. Let C J J be a club in ½I co . Consider the map y : ½I co ! ½H co defined by yðJÞ ¼ H J for every J A ½I co . Note that y preserves unions. From this one can easily conclude that fyðJÞ : J A Cg ¼ fH J : J A Cg is a club in ½H co . The conclusion of our lemma now follows from Corollary 5.3. r 6 Connections with non-topologizable groups Definition 6.1. Recall that a group G is said to be non-topologizable if the only Hausdor¤ group topology of G is the discrete one. A group G is topologizable if it admits a non-discrete Hausdor¤ group topology.
Lemma 6.2. (i) G is non-topologizable if and only if M G is discrete.
(ii) If Z G is discrete, then G is non-topologizable.
Proof. Item (i) is obvious. Item (ii) follows from Fact 1 and item (i). r
The following lemma is easy to check.
Lemma 6.3. The Zariski topology Z G of a group G is discrete if and only if there exist elementary algebraic sets E 1 ; . . . ; E n such that
The problem of constructing a (countable) non-topologizable group was raised by Markov and resolved consistently in [13] (see more details in Remark 6.7 (iii)). In [10] , Ol'shanskij used Lemmas 6.2 (ii) and 6.3 to produce the first ZFC solution of Markov's problem on the existence of non-topologizable countable groups. (Ol'shanskij used an appropriate quotient of the (countable) Adian group Aðn; mÞ.) Additional examples of non-topologizable groups, based on Lemmas 6.2 (ii) and 6.3, were constructed later: Example 6.4. (a) Klyachko and Trofimov [7] constructed a finitely generated torsionfree group G such that Z G is discrete.
(b) Trofimov [18] proved that every group H admits an embedding into a group G with discrete Z G .
(c) Morris and Obraztsov [9] modified Ol'shanskij's example [10] to build, for any su‰ciently large prime p, a continuum of pairwise non-isomorphic infinite nontopologizable groups of exponent p 2 all of whose proper subgroups are cyclic.
A delicate example of a non-topologizable group, based on Lemma 6.2 (i), has been found by Hesse:
Example 6.5 ( [6] ). There exists a group G such that M G is discrete but Z G is not discrete. Now we give a su‰cient condition (due to Shelah) that ensures that an uncountable group is non-topologizable. (ii) Even the weaker form of (a) (with m depending on A A ½G jGj ), yields that every proper subgroup of G has size < jGj. In the case jGj ¼ o 1 , the groups with this property are known as Kurosh groups. The first consistent example of a Kurosh group was given in [13] .
(iii) The above criterion was used by Shelah [13] to produce the first consistent example of a non-topologizable group. He worked under the assumption of CH and constructed a group G of size o 1 satisfying (a) with m ¼ 10000 and (b) with n ¼ 2.
Lemma 6.8. A non-topologizable group H is both Hausdor¤ embedded and Markov embedded in any ambient group G.
Proof. If T is a Hausdor¤ group topology on H, then T must be discrete, and so we can trivially extend T by taking the discrete topology on G. Therefore, H is Hausdor¤ embedded in G, and thus also Markov embedded in G by Lemma 3.7. r
In view of Lemma 6.2 (i), our next theorem gives an 'external' characterization of non-topologizable groups in terms of Markov and Hausdor¤ embeddings. Theorem 6.9. For a group H the following conditions are equivalent:
(i) H is Hausdor¤ embedded in every group G that contains H as a subgroup;
(ii) H is Markov embedded in every group G that contains H as a subgroup;
Proof. The implication (i) ) (ii) follows from Lemma 3.7.
(ii) ) (iii) Let G ¼ SðHÞ be the permutation group of the set H. For every h A H define y h A SðHÞ by y h ðxÞ ¼ hx for x A H. Let j : H ! G be the isomorphic embedding of H into G defined by jðhÞ ¼ y h .
Consider the topology T p of point-wise convergence on SðHÞ. That is, the family ff f A SðHÞ : f ðxÞ ¼ x for all x A F g : F A ½H <o g forms a basis of T p -open neighbourhoods of the identity e G A SðHÞ. If T is a Hausdor¤ group topology on G, then T p J T [5] . Since T p itself is a Hausdor¤ group topology, it follows that T p ¼ M G . Now note that T p induces the discrete topology on jðHÞ.
Since H is isomorphic to jðHÞ, the latter group must be Markov embedded in G by (ii). Therefore, M jðHÞ ¼ M G 0 jðHÞ is the discrete topology on jðHÞ. Recalling once again that H and jðHÞ are isomorphic, we conclude that the topology M H must also be discrete. The implication (iii) ) (i) follows from Lemma 6.8. r
Oue next corollary should be compared with Lemma 6.8.
Corollary 6.10. Let H be a topologizable group. Then there exists a group G containing H as a subgroup such that H is neither Hausdor¤ embedded nor Markov embedded in G.
Proof. Since H is topologizable, M H is not discrete by Lemma 6.2 (i). Applying Theorem 6.9, we can find a group G containing H as a subgroup so that H is not Markov embedded in G. Applying Lemma 3.7, we conclude that H is not Hausdor¤ embedded in G either. r Lemma 6.11. Let H be a topologizable subgroup of a group G.
(i) If G is non-topologizable, then H is neither Hausdor¤ embedded nor Markov embedded in G.
(ii) If Z G is discrete, then H simultaneously fails to be Hausdor¤ embedded, Markov embedded and Zariski embedded in G.
Proof. (i) Since G is non-topologizable, M G is discrete by Lemma 6.2 (i). Since H is topologizable, the same lemma yields that M H is not discrete. It follows that H is not Markov embedded in G. Now H is not Hausdor¤ embedded in G by Lemma 3.7.
(ii) Since Z G J M G (by Fact 1) and Z G is discrete, we conclude that M G is discrete, and so G is non-topologizable by Lemma 6.2 (i). Now item (i) gives us that H is neither Hausdor¤ embedded nor Markov embedded in G. Assume now that H is Zariski embedded in G. Then Z H ¼ Z G 0 H must be the discrete topology. Since Z H J M H (by Fact 1), M H is discrete, and so H is non-topologizable by Lemma 6.2 (i), a contradiction. r Lemma 6.12. Let H be an Abelian group such that the identity map id H of H and the map Àid H are the only automorphisms of H. Then H is Hausdor¤ embedded, Markov embedded and Zariski embedded in every group that contains H as a normal subgroup.
Proof. Let G be a group containing H as a normal subgroup. Each conjugation by an element of G is an automorphism of H, so it must coincide with id H or Àid H . Since both of these maps are continuous in any group topology on H, Theorem 3.4 yields that H is Hausdor¤ embedded in G. Now H is Markov embedded in G by Lemma 3.7, and Zariski embedded in G by Corollary 5.5. r Corollary 6.13. The group Z of integers is Hausdor¤ embedded, Markov embedded and Zariski embedded in every group that contains Z as a normal subgroup. However there exists a finitely generated torsion-free group G containing Z as a subgroup such that Z simultaneously fails to be Hausdor¤ embedded, Markov embedded and Zariski embedded in G.
Proof. The first assertion follows from Lemma 6.12 combined with the fact that id Z and Àid Z are the only automorphisms of Z. Let G be the group from Example 6.4 (a). Fix any non-trivial cyclic subgroup C of G. As C G Z, this defines an embedding of Z in G. Since Z is topologizable, the rest of the conclusion of our theorem follows from Lemma 6.11 (ii) applied to H ¼ C. r
We now give a counterpart of Theorem 6.9 providing an external characterization of discreteness of Z H in terms of Zariski embeddings. Theorem 6.14. For a group H the following conditions are equivalent:
(i) H is simultaneously Hausdor¤ embedded, Markov embedded and Zariski embedded in every group G that contains H as a subgroup;
(ii) H is Zariski embedded in every group G that contains H as a subgroup;
Proof. The implication (i) ) (ii) is trivial.
(ii) ) (iii) According to Example 6.4 (b), H admits an embedding into a group G such that Z G is discrete. Now from (ii) we conclude that Z H must also be discrete.
(iii) ) (i) Since Z H is discrete, Z G 0 H J Z H . The converse inclusion Z H J Z G 0 H always holds. Therefore, H is Zariski embedded in G. Since Z H is discrete and Z H J M H (by Fact 1), the topology M H must be discrete, and reference to Theorem 6.9 finishes the proof. r Example 6.5 demonstrates that Theorems 6.9 and 6.14 cannot be combined into a single theorem. Proof. The first assertion follows from Lemma 6.12. For the second one apply Corollary 6.15. r
The reader may suspect that only very small groups H (like Z) could satisfy the hypothesis of Corollary 6.16. An Abelian group H is called endo-rigid if every endomorphism of H is the multiplication by a fixed rational number. It is easy to see that id H and Àid H are the only automorphisms of an endo-rigid group H. Endo-rigid groups of arbitrarily large cardinalities are constructed in [12] .
A group H satisfying the assumption of our next corollary can be found in Example 6.5.
Corollary 6.17. Let H be a group such that M H is discrete but Z H is not discrete. Then there exists a group G containing H as a subgroup such that H is Hausdor¤ embedded (and therefore, also Markov embedded ) in G but is not Zariski embedded in G.
Proof. Since Z H is not discrete, applying Theorem 6.14 one can find a group G containing H as a subgroup such that H is not Zariski embedded in G. Since M H is discrete, H is Hausdor¤ embedded in G by Theorem 6.9. Finally, note that H is Markov embedded in G by Lemma 3.7. r (ii) According to [14] , under the assumption of the Continuum Hypothesis CH, there apparently exists a countable non-topologizable subgroup H of a non-topologizable group G with M G 0 Z G . From Lemma 6.8 one concludes that H is Hausdor¤ embedded and Markov embedded in G. Therefore, H is also Zariski embedded in G by Corollary 2.4 (a). It follows that H is both Markov and Zariski embedded in G, and yet Z G 0 M G . Therefore, the stronger form (a Ã ) of Lemma 2.2 (a) obtained by adding the condition Z G ¼ M G to the conclusion of (a) may fail.
(iii) Items (i) and (ii) explain why we prefer to state Lemma 2.2 in its present form that gives a pleasing symmetry between items (a) and (b) of this lemma.
We finish this section with two elementary su‰cient conditions for topologizability of groups. The first one shows that none of the cyclic subgroups of the group G from Example 6.4 (a) are normal in G.
Proposition 6.19. If a group G has an infinite cyclic subgroup as a normal subgroup, then G is topologizable.
Proof. Assume that H is an infinite normal cyclic subgroup of G. Then H is Hausdor¤ embedded in G by Corollary 3.5. So H is Markov embedded in G as well (by Lemma 3.7). Since M H is non-discrete, it follows that M G is non-discrete as well. Hence G is topologizable. r Lemma 6.20. Let G be an infinite countable group such that Z G is compact. Then G is topologizable.
Proof. An infinite compact space cannot be discrete, and so Z G is not discrete. By Fact 2, M G is also non-discrete, and the result follows from Lemma 6.2 (i). r 7 Absolutely Hausdor¤ embeddings and the papers [15] , [16] Recall that an Abelian group G is called indecomposable if for every direct product decomposition [15] , [16] that are not accounted for in Lemma 7.5. Indeed, the group G Ã in question appears to be 'nicely embedded' in the direct product. However, Lemma 3.12 demonstrates that this is misleading. From this lemma one has to conclude the following: Given a subgroup H of the square G 0 Â G 0 of a countable group G 0 , one cannot reasonably expect to be able to extend a metric group topology from the (normal) subgroup G Ã ¼ H V ðG 0 Â f1 G 0 gÞ of H to any Hausdor¤ group topology on H unless G Ã does not admit a decomposition G Ã ¼ G 1 Â G 2 with both groups G 1 and G 2 infinite. Moreover, if G Ã has such a decomposition, then G Ã may even fail to be both Markov embedded in H and Zariski embedded in H.
Final remarks and open questions
Let MZ be the class of groups G for which the Markov topology and the Zariski topology coincide:
It might be tempting to generalize Corollary 5.8 even further:
Question 8.1. Let G be a subgroup of a direct sum of countable groups. Does G belong to MZ?
The papers [15] , [16] discussed in Section 7 were an attempt to address this question. Since every Abelian group is a subgroup of a direct sum of countable groups, a positive answer to Question 8.1 would yield that Corollaries 5.7 and 5.8 are equivalent. A rather limited partial positive answer to Question 8.1 can be found in Lemma 5.9. What is the answer to (i) and (ii) if in addition H is a normal subgroup of G?
As witnessed by Lemma 2.2, our next question is closely related to Markov's problem. The reader may compare it with Corollary 6.17.
Question 8. 4 . Let H be a (normal) subgroup of a group G. If H is Zariski embedded in G, must it also be Markov embedded in G?
Our next two questions should be compared with Theorem 6.9. Question 8.5. Describe the class of groups G such that G is Markov embedded in every group that contains G as a normal subgroup.
Note that an infinite Abelian group G with the above property must be absolutely Zariski embedded by Corollary 5.5, and hence G must be indecomposable by Theorem 7.2. Question 8.6. Describe the class of groups G such that G is Hausdor¤ embedded in every group that contains G as a normal subgroup.
The Abelian groups with the above property are characterized in Theorem 7.4. The counterpart to Questions 8.5 and 8.6 with 'Markov' (respectively, 'Hausdor¤ ') replaced by 'Zariski' was solved in [3] .
Let fG i : i A I g be a family of groups, and for every i A I , let H i be a Hausdor¤ embedded subgroup of G i . Then the Cartesian product Q i A I H i is a Hausdor¤ embedded subgroup of the Cartesian product Q i A I G i . Similarly, the direct sum 0 i A I H i is a Hausdor¤ embedded subgroup of the direct sum 0 i A I G i . In other words, the class H of Hausdor¤ embeddings is closed under both Cartesian products and direct sums. We do not know whether the remaining two classes M of Markov embeddings and Z of Zariski embeddings are closed under taking Cartesian products and direct sums. In fact, even in the weakest possible form, this is an open question:
